Jacksonville State University

JSU Digital Commons
Research, Publications & Creative Work

Faculty Scholarship & Creative Work

1-2010

On the Scaling Interpretation of Exponents in Hyperboloid Models
of Delay and Probability Discounting
Todd L. McKerchar
Leonard Green
Joel Myerson

Follow this and additional works at: https://digitalcommons.jsu.edu/fac_res
Part of the Psychology Commons

Behavioural Processes 84 (2010) 440–444

Contents lists available at ScienceDirect

Behavioural Processes
journal homepage: www.elsevier.com/locate/behavproc

On the scaling interpretation of exponents in hyperboloid models of delay and
probability discounting
Todd L. McKerchar a,∗ , Leonard Green b , Joel Myerson b
a
b

Department of Psychology, Jacksonville State University, 700 Pelham Rd. North, Jacksonville, AL 36265, United States
Department of Psychology, Washington University, St. Louis, MO, United States

a r t i c l e

i n f o

Article history:
Received 28 August 2009
Received in revised form
18 December 2009
Accepted 5 January 2010
Keywords:
Delay discounting
Probability discounting
Hyperboloid
Model comparison
Scaling
Money
Humans

a b s t r a c t
Previously, we (McKerchar et al., 2009) showed that two-parameter hyperboloid models (Green and
Myerson, 2004; Rachlin, 2006) provide signiﬁcantly better ﬁts to delay discounting data than simple,
one-parameter hyperbolic and exponential models. Here, we extend this effort by comparing ﬁts of
the two-parameter hyperboloid models to data from a larger sample of participants (N = 171) who discounted probabilistic as well as delayed rewards. In particular, we examined the effects of amount on the
exponents in the two hyperboloid models of delay and probability discounting in order to evaluate key
theoretical predictions of the standard psychophysical scaling interpretation of these exponents. Both
the Rachlin model and the Green and Myerson model provided very good ﬁts to delay and probability discounting of both small and large amounts at both the group and individual levels (all R2 s > .97 at the group
level; all median R2 s > .92 at the individual level). For delay discounting, the exponent in both models did
not vary as a function of delayed amount, consistent with the psychophysical scaling interpretation. For
probability discounting, however, the exponent in both models increased as the probabilistic amount
increased—a ﬁnding inconsistent with the scaling interpretation.
© 2010 Elsevier B.V. All rights reserved.

1. Introduction
Delay discounting refers to the decrease in the subjective value
of a reward as the time until its receipt increases. Probability discounting refers to the decrease in the subjective value of a reward
as the likelihood of its receipt decreases. In both cases, the value
of a reward is assumed to be discounted with increasing delay
or decreasing likelihood. Considerable research has examined the
mathematical form of the discounting function (for a review, see
Green and Myerson, 2004), and there is an emerging consensus
that an exponential function (Samuelson, 1937) provides a relatively poor description of discounting data compared to a simple
one-parameter hyperbola (Mazur, 1987). However, two-parameter
hyperboloids often provide an even better ﬁt, and the improvement
in variance accounted for by such models is frequently signiﬁcantly
greater than would be expected based merely on the addition of a
free parameter (Myerson and Green, 1995). Two such hyperboloid
models have been proposed, and the present study examines the
theoretical and empirical bases for these models.
The hyperboloid discounting model favored by Green and
Myerson (2004; Myerson and Green, 1995) to describe the dis-
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counting of both delayed and probabilistic rewards is of the
form:
V=

A
(1 + bX)

s,

(1)

where V is the subjective value of the reward, A is the amount
of the reward, b is a parameter that reﬂects the rate of discounting (when s is constant), X represents the independent variable,
and the exponent s is a nonlinear scaling parameter whose interpretation depends on whether the equation is used to describe
delay or probability discounting. For delay discounting, X is the
time until reward receipt and s reﬂects the nonlinear scaling of
amount and time; for probability discounting, X is the odds against
reward receipt (i.e., X = [1 − p]/p, where p is probability of receipt),
and s reﬂects the nonlinear scaling of amount and the odds against
receiving the reward. When s equals 1.0, Eq. (1) is a simple hyperbola (Mazur, 1987). When s is less than 1.0, as is often the case
(see, e.g., Estle et al., 2006; Green and Myerson, 2004; McKerchar
et al., 2009), subjective value decreases more steeply than predicted by a comparable simple hyperbola when X values are low,
but then decreases less steeply than a simple hyperbola at larger
values of X.
Rachlin (2006) also has proposed a hyperboloid model of delay
and probability discounting. In contrast to Eq. (1), in which the
entire denominator is raised to a power, only the independent vari-
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able (i.e., delay or odds against) is raised to a power in the Rachlin
model:
V=

A
,
(1 + bX s )

(2)

Rachlin reported that at the group level, Eqs. (1) and (2) account for
similarly high proportions of the variance in delay and probability
discounting data.
Both Eqs. (1) and (2) explicitly incorporate Stevens’s (1957)
power law and are based on psychophysical scaling principles.
Stevens showed that in a variety of sensory modalities the relation
between the perceived and the objective magnitude of stimuli can
be described by a power function whose exponent characterizes
the degree to which the psychophysical scaling of objective magnitude departs from linearity. Such scaling may be seen clearly in
Rachlin’s (2006) equation, where s reﬂects the scaling of X (e.g.,
how perceived delay increases with objective delay). In Green
and Myerson’s (2004) equation, the interpretation of s is a little
more complicated because both reward amount and the independent variable, X, are assumed to be nonlinearly scaled. According
to Myerson and Green’s (1995) derivation of Eq. (1), the exponent s actually represents the ratio of the exponents of two power
functions—the exponent of the function that scales X divided by the
exponent of the function that scales amount.
The hypothesized role of psychophysical scaling in both the
Green and Myerson (2004) model and the Rachlin (2006) model
has two important implications. First, the scaling interpretation
predicts that the exponents in both models will be invariant of
the magnitude being scaled. This is because scaling refers to the
rule that describes the way that changes in some objective quantity affect the perceived quantity (Stevens, 1957), and although the
perceived quantity will change with the objective quantity, the rule
is assumed to remain constant. Therefore, if the rule for a particular
variable (e.g., time) is described by a power function, then a scaling
interpretation of the exponent in the psychophysical power function predicts that it will remain constant across changes in that
variable. Thus, the value of s in Eq. (1) should remain constant
because it is the ratio of two invariant exponents, and the value
of s in Eq. (2) should remain constant because it represents a single
invariant exponent. Although the rate parameter, b, in both models
may be affected by the amount of the outcome, the exponent, s,
should not be affected.
Second, a scaling interpretation places little constraint on the
value of s in Eq. (1) but predicts that the value of s in Eq. (2) will
not exceed 1.0. The value of s in Eq. (2) is constrained because
the exponent of a scaling power function typically is less than
1.0. This is related to the law of diminishing returns: the size of
the increase in the perceived amount of many variables, including
money, time, and likelihood, decreases systematically with successive unit increases in objective amount. For example, the perceived
difference between an anticipated delay of 1 month and a delay
of 2 months is much greater than the difference between a delay
of 1 year and a delay of 13 months. Such diminishing returns
are mathematically described by a power function with an exponent less than 1.0. Thus, the exponent in Eq. (2), which is the
exponent of the power function scaling the independent variable,
should be less than 1.0. The exponent in Eq. (1) is less constrained
because it describes the relative nonlinearity of two psychophysical scaling functions, and although the exponents of each function
should be less than 1.0, their ratio could be less than or greater
than 1.0.
The results of several studies support the scaling interpretation
of the exponent in Eq. (1) as applied to delay discounting while
raising problems for the scaling interpretation as applied to probability discounting. That is, while s remained relatively constant
across increases in the amount of delayed reward, the value of
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s increased with increases in the amount of probabilistic reward
(Estle et al., 2006; Myerson et al., 2003). At the individual level, the
exponent of Eq. (1) almost never signiﬁcantly exceeds 1.0 in either
delay or probability discounting, but only one study (McKerchar
et al., 2009) has addressed this issue with respect to Eq. (2), and
that study only looked at delay discounting. The issues of the constancy and size of the exponent in Eq. (2) as applied to individuals’
probability discounting have yet to be addressed.
In addition to analyzing group-level data from their experimental study of delay discounting, McKerchar et al. (2009) compared
the proportions of variance accounted for by Eqs. (1) and (2) at the
individual level. Consistent with Rachlin’s (2006) ﬁndings, McKerchar et al. found that both hyperboloid models (i.e., Eqs. (1)
and (2)) accounted for a similarly high proportion of the variance
(R2 s > .99) in delay discounting at the group level. Eqs. (1) and (2)
also accounted for high proportions of the variance at the individual
level (median R2 s > .95). Furthermore, the scaling parameter (s) in
both equations was signiﬁcantly less than 1.0 at the group level as
well as in the majority of individual cases, reﬂecting the important
contribution of the exponent to the description of the discounting
of delayed rewards.
The present study is the ﬁrst to compare the Rachlin (2006) and
Green and Myerson (2004) models of probability discounting at the
individual level. Such a comparison is important because it is well
known that patterns of individual behavior may not be reﬂected in
group averages (see Estes, 1956; Lampl et al., 1992; Sidman, 1952).
In addition, although McKerchar et al. (2009) examined the ﬁts of
Eqs. (1) and (2) to delay discounting data at both the group and
individual levels, their analysis was limited to discounting of only
one amount. In contrast, the present study extends the previous
effort to two delayed and probabilistic amounts and thus allows for
testing the hypothesized scaling interpretation of the exponents in
both models.
We reanalyze the delay and probability discounting data from
Myerson et al. (2003) in order to compare individual ﬁts of Eq.
(1) with ﬁts of Eq. (2). In addition to evaluating how well these
hyperboloid models describe the data, we focus on the issues of the
value of the exponents and the way these exponents are affected
by reward amount, and examine the implications for the psychophysical scaling interpretation of the exponents in the Green
and Myerson (2004) and Rachlin (2006) models.
2. Methods
2.1. Participants
We reanalyzed the data from the larger of two samples studied by Myerson et al. (2003; Sample 2). The 171 participants were
undergraduate students at Washington University in St. Louis, Missouri.
2.2. Procedure
All participants were tested individually on four separate discounting tasks: $200 delay discounting, $25,000 delay discounting,
$200 probability discounting, and $25,000 probability discounting. The order of the four tasks was randomly determined for
each participant. For the delay discounting tasks, participants
made repeated choices between smaller hypothetical monetary
amounts available immediately and larger ($200; $25,000) delayed
amounts. For the probability discounting tasks, participants made
repeated choices between smaller, certain amounts and larger
($200; $25,000) probabilistic amounts. Subjective value was determined for each individual at each delay and probability using an
adjusting-amount staircase procedure.
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Fig. 1. Group median subjective value expressed as a proportion of the small ($200, left column) and large ($25,000, right column) delayed (top row) and probabilistic
(bottom row) outcomes. The curved lines represent ﬁts of Eq. (1) (Green and Myerson, 2004; solid line) and Eq. (2) (Rachlin, 2006; dashed line).

The ﬁrst choice at each delay and probability was between the
delayed/probabilistic amount and an immediate/certain amount
that was equal to half of the delayed/probabilistic amount (e.g.,
$200 in 1 month or $100 now). For each of the subsequent choices
at that delay or probability, the amount of the immediate/certain
reward was adjusted based on the participant’s previous choice.
If the participant chose the immediate/certain reward, then its
amount was decreased on the following trial; if the participant
chose the larger, delayed/probabilistic reward, then the amount
of the immediate/certain reward on the next trial was increased.
The size of the adjustment to the immediate/certain reward after
the ﬁrst choice was half of the initial amount of that reward. Subsequently, the size of the adjustment to the immediate/certain reward
decreased with each successive choice and was always equal to
half of the previous adjustment, rounded to the nearest dollar. This
iterative procedure converged rapidly on the immediate/certain
amount subjectively equivalent to the delayed/probabilistic
amount (for full details, see Myerson et al., 2003).
The subjective value of each delayed amount was determined at
each of seven delays (1 week, 1 month, 6 months, 1 year, 3 years, 5
years, and 10 years), and the subjective value of each probabilistic
amount was determined at each of seven probabilities (.95, .90, .75,
.50, .33, .10, and .05).
2.3. Data analysis
The subjective values of the small and large delayed and
probabilistic amounts were expressed as proportions of the corresponding objective amounts (i.e., $200 and $25,000). Eqs. (1) and
(2) were ﬁt to the group median data (i.e., the median relative subjective value at each delay or odds against) and also to the data from
each of the 171 participants using nonlinear least-squares regression in GraphPad Prism® 5.0, which provided parameter estimates

and their standard errors, as well as the proportion of variance
accounted (R2 ).
At both the group and individual levels, a t-ratio statistic was
used to determine whether estimated values of the s parameter
in Eqs. (1) and (2) deviated signiﬁcantly from 1.0. For group-level
analyses, we used the estimate of s and its standard error from the
ﬁt to the group median subjective values. The estimate of s was subtracted from 1.0, and the result was divided by the standard error
of s. The resulting t-ratio has (n − p) degrees of freedom, where n is
the number of data points and p is the number of model parameters (Myerson and Green, 1995). The t-ratio for each individual’s s
parameter was calculated in a similar manner.
Wilcoxon matched-pairs signed-ranks tests were used to compare R2 values associated with the two hyperboloid models and
also to determine whether changes in the amount of the delayed
or probabilistic reward resulted in signiﬁcant changes in the s
parameter. These nonparametric tests were employed because the
R2 values and the values of the s parameter were not normally
distributed across individuals. It should be noted that statistical
comparisons assessing the effects of amount on the discount rate
parameter, b, are problematic with two-parameter models such
as Eqs. (1) and (2) because estimates of b are not independent
of estimates of the exponent, s (Myerson et al., 2001). Therefore,
inferential statistics on the parameter estimates for Eqs. (1) and (2)
were focused on the parameter of theoretical interest in the present
study (i.e., the exponent).
3. Results
3.1. Discounting functions
Fig. 1 presents the group median subjective values of the delayed
and probabilistic rewards, expressed as a proportion of the actual
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Table 1
Parameter estimates and ﬁt statistics for Eq. (1) (Green and Myerson, 2004) and Eq. (2) (Rachlin, 2006) ﬁt to the delay and probability discounting data at the small ($200)
and large ($25,000) amounts.
Group median
Task

Equation

Median of individuals

$200
2

R

$25,000
b

2

s

R

$200
b

2

s

R

$25,000
b

s

R2

b

s

Delay

Eq. (1)
Eq. (2)

.993
.993

.096
.087

.78
.90

.996
.997

.019
.015

.56
.87

.943
.952

.139
.102

.64
.84

.926
.958

.050
.020

.48
.81

Probability

Eq. (1)
Eq. (2)

.997
.998

4.919
1.624

.56
.77

.977
.979

2.338
2.303

1.02
.93

.951
.958

4.918
1.635

.59
.78

.955
.964

2.740
2.365

.88
.90

reward amounts (i.e., the median relative subjective values), for
both the small ($200, left panels) and large ($25,000, right panels) reward amounts. The top panels show relative subjective value
plotted as a function of the time until receipt of the delayed reward,
and the bottom panels show relative subjective value plotted as
a function of the odds against receipt of the probabilistic reward.
The curves represent Eqs. (1) and (2) ﬁt to the data, and as may be
seen, are virtually indistinguishable to the eye. Indeed, both models provided excellent ﬁts to the group median data from all four
discounting tasks (all R2 s > .97, see Table 1).
3.2. Analyses of individual delay discounting data
At the individual level, both Eq. (1) and Eq. (2) provided very
good ﬁts to the delay data (all median R2 s > .92, see Table 1). Despite
the small size of the differences in median R2 s for the two equations,
Wilcoxon matched-pairs signed-ranks tests revealed that Eq. (2)
accounted for signiﬁcantly more variance in individual discounting
of both delayed reward amounts; both Zs > 2.94, ps < .005.
For Eq. (1), t-tests revealed that the s parameter was signiﬁcantly less than 1.0 (i.e., t(5) > 2.57, p < .05) in 74 (43%) out of the
171 cases for the small delayed amount and 79 (46%) cases for the
large amount; s was not signiﬁcantly greater than 1.0 in any of
the cases at either delayed amount. For Eq. (2), s was signiﬁcantly
less than 1.0 in 50 (29%) cases for the small delayed amount and
56 (33%) cases for the large amount. In contrast to the results for
Eq. (1), s was signiﬁcantly greater than 1.0 in 17 (10%) cases at the
small amount and in 29 (17%) cases at the large amount for Eq.
(2). Because the scaling interpretation of the s parameter in Eq. (2)
predicts that s will not exceed 1.0, we conducted another Wilcoxon
matched-pairs signed-ranks tests including only the R2 s from those
participants for whom s was not signiﬁcantly greater than 1.0. This
analysis revealed that the proportions of variance accounted for by
Eqs. (1) and (2) did not differ signiﬁcantly at either delayed reward
amount (both Zs < 1.76).
3.3. Analyses of individual probability discounting data
At the individual level, both Eq. (1) and Eq. (2) provided very
good ﬁts to the probability data (all median R2 s > .95, see Table 1). As
with the delay discounting data, Wilcoxon matched-pairs signedranks tests revealed that Eq. (2) accounted for signiﬁcantly more
variance in individual discounting of both probabilistic reward
amounts; both Zs > 3.96, ps < .001.
For Eq. (1), t-tests on the individual ﬁts revealed that the s
parameter was signiﬁcantly less than 1.0 in 84 (49%) cases for the
small probabilistic amount and 59 (35%) cases for the large amount;
s was not signiﬁcantly greater than 1.0 in any of the cases at either
probabilistic amount. For Eq. (2), s was signiﬁcantly less than 1.0 in
67 (39%) cases for the small amount and 54 (32%) cases for the large
amount; s was signiﬁcantly greater than 1.0 in 2 (1%) cases at the
small amount and in 28 (16%) cases at the large amount. When R2
values for these participants were excluded, Eq. (2) still accounted

for signiﬁcantly more variance than Eq. (1) at both probabilistic
amounts according to a Wilcoxon matched-pairs signed-ranks test;
both Zs > 3.65, ps < .001.
3.4. Effects of amount on the exponents of Eqs. (1) and (2)
A ﬁnal series of analyses focused on the question of whether
the effects of amount on the s parameter were consistent with the
assumptions underlying Eqs. (1) and (2). When the delay discounting data from all 171 participants were analyzed, the estimated
values of s did not differ signiﬁcantly between the small and large
delayed amounts either for Eq. (1) or for Eq. (2); both Zs < .68.
The same result was obtained when those participants with values of s signiﬁcantly greater than 1.0 for Eq. (2) were excluded
from the analyses; both Zs < .81. With respect to probability discounting, however, the values of s for the small and large amounts
differed signiﬁcantly for Eq. (1) and also for Eq. (2), regardless of
whether data from participants whose s values were signiﬁcantly
greater than 1.0 were included or not; all Zs > 2.73, ps < .01. Out
of all 171 participants, the estimated value of s was greater for
the larger probabilistic amount than for the smaller probabilistic
amount in 118 (69%) of the cases using Eq. (1) and in 109 (64%)
of the cases using Eq. (2), both outcomes signiﬁcantly greater than
chance according to a binomial test.
4. Discussion
The present study compared two prominent models of discounting, the Green and Myerson (2004) two-parameter hyperboloid,
Eq. (1), and the Rachlin (2006) two-parameter hyperboloid, Eq. (2),
both of which we previously found to provide signiﬁcantly better
ﬁts to delay discounting data than simple hyperbolic and exponential models (McKerchar et al., 2009). The present effort is the ﬁrst
to compare the two hyperboloid models at both the individual and
group levels using data from both delay and probability discounting tasks. Rachlin pointed out that, given the excellent ﬁts provided
by the two models, one cannot choose between them based on
the proportions of variance accounted for. Accordingly, the present
study focused on the effect of amount of reward on the exponents
in Eqs. (1) and (2) and, in particular, on the implications for the
standard psychophysical scaling interpretation of these exponents.
Discounting of both small and large reward amounts was assessed
in order to determine whether, for either or both models, empirically obtained estimates of the exponent parameters are consistent
with the psychophysical scaling interpretation. More speciﬁcally,
we tested two key predictions of the scaling interpretation: ﬁrst,
that in both equations, estimates of the exponent should remain
unchanged across the two amounts, and second, that estimates of
the exponent parameter in Eq. (2) should not exceed 1.0.
At the group level, both hyperboloid models provided excellent
and virtually indistinguishable ﬁts to the data (see Fig. 1), and the
estimates of the exponent parameters for both models were less
than 1.0. At the individual level, Eq. (2) provided a signiﬁcantly bet-
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ter ﬁt than Eq. (1) to both the delay and probability discounting data,
although the difference in R2 was typically only around 1%. Contrary
to the scaling interpretation of the exponent in Eq. (2), however,
estimates of the exponent parameter in Eq. (2) were signiﬁcantly
higher than 1.0 in many cases. With respect to delay discounting, when those subjects for whom s was signiﬁcantly greater than
1.0 were excluded, there no longer was a signiﬁcant difference in
R2 between the models with respect to delay discounting. With
respect to probability discounting, however, the difference in R2
remained even after subjects for whom s was signiﬁcantly greater
than 1.0 were excluded.
Prior research has shown that the exponent parameter (s) in
Eq. (1) is unaffected by the amount of the delayed reward, consistent with the psychophysical scaling interpretation (Green and
Myerson, 2004). The present results demonstrate that the exponent parameter in Eq. (2) also is unaffected by the amount of
delayed reward. With respect to probability discounting, however,
the exponents in Eqs. (1) and (2) both increased as a function of the
amount of the probabilistic reward, contrary to the psychophysical scaling interpretation. An alternative interpretation would be to
assume, following Kahneman and Tversky (1979), that these exponents govern decision weights and thus need not correspond to the
subjective scaling of reward probabilities.
The lack of symmetry between the delay and probability
domains replicates prior ﬁndings with Eq. (1) (Estle et al., 2006;
Myerson et al., 2003). The present results are the ﬁrst to show
that a similar asymmetry is observed with Eq. (2). This ﬁnding
is important because it suggests that, rather than being peculiar
to one speciﬁc model, the observed asymmetry reﬂects a fundamental property of probability discounting. Moreover, this ﬁnding
provides further evidence that delay and probability discounting
involve different underlying processes (Green and Myerson, 2010).
This is because if both forms of discounting involved the same processes, then experimental manipulations (e.g., variations in reward
amount) would have the same effect on both delay and probability
discounting.
The present results show that Eqs. (1) and (2) both provide excellent descriptive models of delay and probability discounting at the
individual as well as the group levels. Our ﬁndings also support
the theoretical basis of Eq. (1) with respect to the discounting of
delayed outcomes. That is, the results were consistent with the
prediction that follows from the psychophysical scaling interpretation of the exponent in Eq. (1), namely that the exponent would
not change with the amount of the delayed reward. The results for
Eq. (2), although consistent with the prediction that the exponent
would not change with amount of delayed reward, were contrary

to the other prediction of the psychophysical scaling interpretation
of the exponent in this model, namely that the exponent not exceed
1.0.
With respect to the discounting of probabilistic outcomes, again
there were a number of individuals for whom the exponent in Eq.
(2) was signiﬁcantly greater than 1.0. For both equations, the value
of the exponent increased signiﬁcantly when the amount of probabilistic reward was increased. This ﬁnding, which is contrary to
the psychophysical scaling interpretation of the exponent, strongly
suggests the need to reevaluate the theoretical interpretation of
both the Green and Myerson (2004) and Rachlin (2006) models as
applied to the discounting of probabilistic outcomes.
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